Abstract. We consider a nonlinear eigenvalue problem (NEP) arising from absorbing boundary conditions in the study of a partial differential equation (PDE) describing a waveguide. We propose a new computational approach for this large scale NEP based on residual inverse iteration (Resinv) with preconditioned iterative solves. Similar to many preconditioned iterative methods for discretized PDEs, this approach requires the construction of an accurate and efficient preconditioner. For the waveguide eigenvalue problem, the associated linear system can be formulated as a generalized Sylvester equation. The equation is approximated by a low-rank correction of a Sylvester equation, which we use as a preconditioner. The action of the preconditioner is efficiently computed using the matrix equation version of the Sherman-Morrison-Woodbury (SMW) formula. We show how the preconditioner can be integrated into Resinv. The results are illustrated by applying the method to large-scale problems.
1. Introduction. We are concerned with the study of propagation of waves in a waveguide. The application of two well established techniques (Floquet theory and absorbing boundary conditions) leads to the following characterization of wave propagation in R 2 . Details of such a derivation can be found, e.g., in [15, 34] . The characterization is described by a PDE on a rectangular domain S 0 = [x − , x + ] × [0, 1]. More precisely, we wish to compute u : S 0 → C and γ ∈ C such that ∆u(x, z) + 2γu z (x, z) + (γ 2 + κ 2 (x, z))u(x, z) = 0 (x, z) ∈ S 0 (1.1a)
u(x, 0) = u(x, 1) x ∈ (x − , x + ) (1.1b) u z (x, 0) = u z (x, 1) x ∈ (x − , x + ) (1.1c)
T −,γ [u(x − , ·)](z) = −u x (x − , z) z ∈ (0, 1) (1.1d)
T +,γ [u(x + , ·)](z) = u x (x + , z) z ∈ (0, 1).
(1.1e)
The operators T −,γ and T +,γ are the so-called Dirichlet-to-Neumann (DtN) maps, which we specify in Section 2. The spatially dependent constant κ(x, z) is the wavenumber, which in our work is assumed to be piecewise constant. A benchmark example is illustrated in Figure 1 .1. Note that (1.1) is a PDE-eigenvalue problem, where the eigenvalue γ appears in a nonlinear way in the operator as well as in the boundary conditions, due to the γ-dependence of the DtNs. The problem (1.1) will be referred to as the waveguide eigenvalue problem (WEP) and we discretize this PDE in a way that allows us to construct an efficient iterative procedure. More precisely, we derive results and methods with a uniform finite-difference (FD) discretization, and also investigate its use in combination with a finite-element method (FEM) discretization. The discretization is presented in Section 2.2. Due to the nonlinearity in the PDE-eigenvalue problem, the discretized problem is a nonlinear eigenvalue problem (NEP) of the form: find (γ, v) ∈ C × C nznx+2nz \{0} such that
where n x and n z are the number of discretization points in x-and z-direction respectively. Over the last decades, the NEP has been considerably studied in the numerical linear algebra community, and there is a large family of different numerical methods, which we briefly summarize as follows. A number of methods can be seen as flavors of Newton's method, e.g., block Newton methods [18] , generalizations of inverse iteration [22, 26] and generalizations of the Jacobi-Davidson method. See PhD thesis [29] for a summary of these methods. A number of approaches are based on numerically computing a contour integral [1, 6] , which can be accelerated as described in [38] and references therein. Krylov methods and rational Krylov methods have been generalized in various ways, e.g., the Arnoldi based methods [36, 17] , rational Krylov approaches [12, 3, 4] . See the summary papers [21, 26, 37] and the benchmark collection [5] for further literature on methods for nonlinear eigenvalue problems.
Most of these methods involve the solution to the associated linear system of equations
For large-scale problems, the solution to this linear system is often restricting the applicability of the method. In this work we adapt the method called residual inverse iteration (Resinv) which was developed in [22] . Resinv is an iterative method for computing the eigenvalue closest to a given shift σ ∈ C and it has the attractive feature that the shift σ is kept constant throughout the iterations. The constant shift allows for precomputation, which reduces the computational effort for solving the linear systems (1.3). The standard way to exploit this is to pre-compute the LU-factorization of M (σ). Unfortunately this is not effective for our large-scale problem, due to memory requirements. Instead, we propose to solve (1.3) with a preconditioned iterative method such as GMRES [28] or BiCGStab [35] , where the constant shift and the structure of M (σ) allows us to carry out substantial precomputations in the initialization of Resinv.
A number of recent approaches exploit that a uniform discretization of a rectangular domain PDE can be expressed as a matrix equation, e.g., using the Sylvester equations or Lyapunov equations. The matrix-equation approach has been used, e.g., in the setting of convection-diffusion equations [23] , fractional differential equations [32] , PDE-constrained optimization [7] , and stochastic differential equations [24] . Inspired by this, we propose a new preconditioner for the WEP based on matrix equations. As a first step, shown in Proposition 2.1 and Section 3, the linear system of equations (1.3) is formulated as a matrix equation. In Section 4, this matrix equation is approximated by a low-rank correction of a Sylvester equation, i.e., of the form
where L is a Sylvester operator and Π is a low-rank linear operator of the form Π(X) := N k=1 W k (X)E k , and where W k : C n×n → C, k = 1, . . . , N are linear functionals. We use a matrix equation version of the Sherman-Morrison-Woodbury (SMW) formula to solve (1.4). In Section 5 we describe how this can be done in a fast and memory efficient manner using the structures in our problem. A dominating part of the computation is independent of C and can therefore be precomputed. Properties of the approach are illustrated in Section 6, where we also compare the performance with other approaches.
The following notation is adopted in this paper. We let A • B denote the Hadamard, or element-wise, matrix product between A and B, and A ⊗ B denotes the Kronecker product. We let vec(A) ∈ C nm denote the vectorization of A ∈ C n×m , i.e., the vector obtained by stacking the columns of A on top of each other. The set of eigenvalues of the matrix A is denoted eig(A). The n × n identity matrix is denoted I n . The the matrix J n ∈ R n×n denotes the flipped identity matrix, that is [J n ] k, = 1 if k = n − + 1 and 0 otherwise. The column vector consisting of ones is denoted by 1.
2. Background and preliminaries.
2.1. Problem background. The PDE (1.1) stems from the propagation of waves in a periodic medium. The derivation can be briefly summarized as follows. See [15, 34] for details.
Consider Helmholtz's equation
is the wavenumber. The wavenumber is a 1-periodic function in the z-direction which is constant for sufficiently large |x|, i.e., κ(x, z + 1) = κ(x, z) for all x, z, and there exists real numbers ξ − and ξ + such that κ(x, z) = κ − for x < ξ − and κ(x, z) = κ + for x > ξ + . We use the ansatz
where u(x, z + 1) = u(x, z) in (2.1) and we apply absorbing boundary conditions at x = x − ≤ ξ − and x = x + ≥ ξ + . From this ansatz we directly identify that u satisfies (1.1a) . A more precise analysis (presented in [15] ) shows that also (1.1d)-(1.1e) are satisfied where the DtN-maps are defined by
where {g k } k∈Z are the Fourier series coefficients of the function g(z) and s k , k ∈ Z, are given by
2.2. Discretization of the WEP. The PDE (1.1) is in this work discretized as follows. We use a uniform FD discretization with n x and n z points in x-and zdirection respectively. The grid consists of the points x k = x − +kh x for k = 1, 2, . . . n x where h x = (x + − x − )/(n x + 1), and z = h z for = 1, 2, . . . , n z where h z = 1/n z .
This FD-discretization leads to the NEP (1.2) being described by the following block matrix
Here Q(γ) represents the discretization of the interior (1.1a) and P (γ) represents the Dirichlet-to-Neumann maps, (1.1d) and (1.1e). The matrix C 1 represents the effect of the boundary points to the interior and C T 2 represents the effect of the interior on the boundary constraints, i.e., (1.1d) and (1.1e). The matrix Q(γ) ∈ C nxnz×nxnz is large and sparse, and given by The matrix K is the discretization of the squared wavenumber, i.e.,
is given by 6) and the block C T 2 ∈ C 2nz×nxnz is given by . The last block P (γ) ∈ C 2nz×2nz stems from the discretization of the DtN operators, i.e., the operators in the left hand side of (1.1d) and (1.1e). We truncate the Fourier series expansion in (2.2) and use only the coefficients corresponding to −p, . . . , p, we choose p such that n z = 2p + 1. Then
with Λ ± := diag(S ± ), where and R * = n z R −1 .
Remark 1.
Note that R is the Fourier matrix left multiplied with the antidiagonal matrix with (1, e 2πiphz , e 2πi2phz , . . . , e 2π(nz−1)phz ) on its anti-diagonal. Consequently, the action of both R and R −1 on a vector can be efficiently calculated with the Fast Fourier Transform (FFT) and from (2.8) we conclude that calculating the action of P − (γ), P − (γ) −1 , P + (γ), and P + (γ) −1 on a vector can be done in O(n z log(n z )) operations.
For future reference, we now also note that when γ is in the left half-plane of C the derivative of M (γ) with respect to γ is given by
where Q (γ) := A 1 +2γA 2 and
. The matrices are directly given by Λ ± := diag(S ± ), where S ± := s ±,−p , s ±,−p+1 , . . . , s ±,p , s ±,k (γ) := sign(Im(β ±,k (γ)))i(γ + 2πik)/ β ±,k (γ), and β ±,k (γ) are given by (2.3b).
Residual inverse iteration for the WEP.
Our approach is based on the Resinv [22] as a solution method for the NEP (1.2) with M defined by (2.4). Given an approximation to the eigenpair (γ k , v k ), Resinv iteratively computes new approximations in each iteration. The procedure consists of a few steps. The first step is to compute a new approximation of the eigenvalue γ k+1 by solving the nonlinear scalar equation
There are different ways of choosing the left vector in (2.10) discussed in the literature [22, 16, 29] , but we choose the current approximation of the right eigenvector, as it is presented in the equation. Equation (2.10) is solved with Newton's method in one unknown variable which requires that we calculate the derivative of v * k M (γ)v k with respect to γ. The derivative, for γ in the left half-plane of C, can be computed from (2.9). The second step consists of computing a residual
Subsequently r k is used to calculate a correction to the eigenvector by solving
where σ is a fixed shift that is used throughout the whole procedure. We propose to use a preconditioned iterative method to solve (2.12). The third and last step is to update the eigenvector approximation v k+1 = v k − ∆v k , and to normalize it v k+1 = v k+1 /||v k+1 ||. The Resinv procedure is summarized in Algorithm 1.
Algorithm 1:
Resinv with preconditioned iterative solves input : Initial guess of the eigenpair
Compute new approximation of γ k+1 from (2.10)
3
Compute the residual r k from (2.11)
4
Compute the correction ∆v k from (2.12) with a preconditioned iterative method.
Large parts of the computational effort in Algorithm 1 often consists of the solving of the linear system (2.12) and we present a method that makes the computation feasible for large-scale problems. We use the Schur complement of M (σ) with respect to the block P (σ), 13) to specialize the computation of (2.12) for the WEP. The specialization is an important step in our algorithm and therefore we present it in the following form. Proposition 2.1 (Schur complement for the WEP). Let M (σ) be as in (2.4), the shift σ ∈ C, and let S(σ) be the Schur complement (2.13). Moreover, let r ∈ C nxnz+2nz , and let r int be the first n x n z elements of r and r ext be the last 2n z elements of r. Then
where
We use Proposition 2.1 to solve the linear system in Step 4 in Algorithm 1. More precisely, we use a preconditioned iterivative method to solve (2.15), and FFT to compute the action P (σ) −1 (as described in Remark 1). All other operations required for the application proposition have negligable computational cost.
Matrix equation characterization.
In order to construct a good preconditioner for the linear system (2.15) we now formulate it as a matrix equation. Without loss of generality we express (2.15) as S(σ)vec(X) = vec(C), where X, C ∈ C nz×nx . Note that S(σ) is defined in (2.13) as the sum of Q(σ) and −C 1 P (σ)
, where Q(σ) is described by (2.5). The action of Q(σ) can be characterized with matrix equations. By direct application of rules for Kronecker products, see e.g., [14, Section 4.3] , it follows that
The action of the first two terms of (3.1) can be identified with a Sylvester operator,
and hence the action of Q(σ) can be viewed as a generalized Sylvester operator. The action corresponding to S(σ) can similarly also be constructed as a generalization of the Sylvester operator. We formalize it in the following result, where we also introduce an additional free parameterk. This parameter is later chosen in such a way that the contribution of the terms corresponding to the Sylvester operator is large. Proposition 3.1 (Waveguide matrix equation). Let X ∈ C nz×nx , let C ∈ C nz×nx be a given matrix, and let S(σ) be the Schur complement (2.13). Then vec(X) is a solution to S(σ)vec(X) = vec(C) if and only if X is a solution to 
The equivalent matrix equation formulation for Q(σ) is found apparent from (3.1). The rest follows from the calculation
4. The Sylvester SMW structure for the WEP.
4.1. Sylvester-type SMW-structure. Our computational procedure is based on the explicit formula for the inverse of a matrix with a low-rank correction, the Sherman-Morrison-Woodbury (SMW) formula [11, Equation (2.1.4)]. We use the formulation
where U, V ∈ C n×N and
In order to apply the SMW-formula to equations of the form (3.3), we need a particular matrix equation version of the SMW-formula. The adaption of SMW-formula's to matrix equations has been examined previously in the literature [8, 19, 25] . Our formulation is based on a specialization of [8, Lemma 3.1] that is set up to minimize the memory requirements (as we further discuss in Remark 2). We select the L-matrix in (4.1) as the vectorization of a Sylvester operator (3.2), which is invertible if eig(A) ∩ eig(−B) = ∅, see e.g., [14, Theorem 4.4.6] . We make this specific choice since the solution to the Sylvester equation in our case be computed efficiently. More precisely, the specific structure present in our context can be exploited, as we further describe in Section 5.3.
In our approach we consider a rank N correction of the Sylvester operator, which can be expressed as a linear operator Π of the form
In this setting the matrix W in (4.2) can be expressed in terms of evaluations of the functionals W 1 , . . . , W N . This use of SMW is formalized in the following result. Theorem 4.1 (Sylvester-type SMW-structure). Let A ∈ C n×n , B ∈ C m×m , and C ∈ C n×m and suppose eig(A) ∩ eig(−B) = ∅. Moreover, let the matrices E k ∈ C n×m and linear functionals W k : C n×m → C be given for k = 1, 2, . . . , N and define Π : C n×m → C n×m by (4.3). Assume that there exists a unique solution to the equation
where L is the Sylvester operator defined analogous to (3.2). Moreover, let
, and (4.5a)
and define
Then the solution to (4.4) is given by
where a T = (α 1 , . . . , α N ) is the unique solution to the system of equations
Proof. In order to invoke [8, Lemma 3.1] we note that the linear functionals W k , for W k ∈ C n×m , can be parametrized as W k (X) = vec (W k ) T vec(X). Moreover, we define the matrices P 1 := [vec(E 1 ), . . . , vec(E N )], and
T . The conclusion (4.7)-(4.8) follows from direct reformulation of [8, Equation (6)].
Remark 2 (Variants of Theorem 4.1). Note that, due to the linearity of L −1 , the solution in (4.7) can be equivalently expressed as
Moreover, since G, F 1 , . . . , F N can be treated as known, X can be computed directly from (4.9) without the action of L −1 . Hence, an approach based on (4.9) requires less computational effort than an approach based on (4.7) in general. However, in our case, (4.9) is not advantageous since it requires more memory resources as we further discuss in Section 5.2.
SMW-structure approximation of the waveguide matrix equation.
We saw in the previous section that the matrix equation SMW-formula can be applied to sums of a Sylvester operator and the operator Π in (4.3). Note that any linear matrix-operator can be expressed in the form (4.3), by selecting the functionals as W k (X) = e T j Xe and the matrices E k = e j e T , where j = 1, . . . , n, and = 1, . . . , m, and k = j + ( − 1)n such that k ∈ {1, . . . , nm} and N = nm. Unfortunately, such a construction is not practical since Theorem 4.1 is not computationally attractive for large values of N .
The equation (3.3) can be efficiently solved if the last terms in (3.3), i.e,
can be expressed as a low-rank operator Π of the form (4.3). Then the solution to (3.3) can be directly computed with Theorem 4.1. In general, Φ can only be expressed as an operator Π of large rank N . However, there exists some situations where exact matching can be achieved with N n x n z , for instance if the elements of K equals a constant,k, except for a few indices. In the continuous formulation, this corresponds to the wavenumber being constant in most parts of the domain.
Although, Φ can in general only be expressed in the form of (4.3) with a large N , we now introduce a low-rank approximation of Φ, i.e., with N n x n z . Our construction exploits the structure in Φ and allows for a representation of Π with both low rank N and structured matrices E k .
We consider approximations in a vector space V ⊂ C nz×nx , with a basis V 1 , . . . , V N , which is assumed to be orthogonal with respect to the trace inner product X, Y = Tr(Y * X). We take approximation of X ∈ C nz×nx from this space and letX be the best approximation (in the induced trace norm). Equivalently we can impose the Galerkin condition on X, X −X, V k = 0, for k = 1, . . . , N, which leads to the formulaX := N k=1
Based on this approximation, we construct Π as an approximation of Φ by setting
, then Π is of the form (4.3). More precisely, for our structure in (4.10) we have
As can be expected from a Galerkin approach, the approximation is exact for any X ∈ V, since by construction Φ(V k ) = Π(V k ), k = 1, . . . , N . In theory, the construction can be done for any appropriate vector space. For reasons of structure exploitation, we select V k , k = 1, . . . , N , as indicator functions in rectangular regions, as shown in Figure 4 .1. We then select N x and N z intervals in xand z-direction respectively, hence N = N x N z . In this case the matrices V +m(Nz−1) , = 1, . . . , N z and m = 1, . . . , N x , take the value 1 in the corresponding rectangular region and zero outside, and W +m(Nz−1) is the functional taking the mean over that region. More precisely,
Note that the grid resolution is finer near the boundary. This is done in order to improve the approximation of the DtN-maps, which are localized in the boundary region. The localization can be seen in the structure of the E-matrix in Proposition 3.1. This choice is supported by computational experiments presented in Section 6. Remark 3 (Other approximations). Note that the approximation described above is only an illustration of an approximation procedure and there exist many variations. Apart from other Galerkin type approaches, it is also possible to use the rank-revealing procedure proposed in [8, Algorithm 3.2] . Another option is to use smoothing as, e.g., in multi-grid methods and other domain decomposition methods [10] . In order to use these approaches in the framework here described, further focused research would be required. In our setting, the structure of (4.11) allows us to reduce the memory requirements as we describe in the next section. (2.12). Since we want to solve this linear system iteratively, we need an effective preconditioner. We use the approximation technique presented in Section 4.2 as a preconditioner. As a consequence of the fact that the shift is kept constant in Resinv, the Sylvester operator defined in (3.2), with A := D zz + 2σD z + σ 2 I nz +kI nz and B := D xx , is also constant. Therefore the matrices F 1 , . . . , F N in (4.5b) and the W -matrix in (4.6) are constant over the iterations. Hence, the W -matrix can be precomputed before initiating Resinv. Moreover, as mentioned in Remark 2, this formulation of the SMW-formula, does not require the storage of the matrices F 1 , . . . , F N , once W has been computed. In fact only one F -matrix needs to be stored at a time, since the columns of W can be computed column-wise. The precomputation can also be trivially parallelized since the columns of W are independent. This construction is summarized in Algorithm 2.
An important feature of the algorithm is that N can be treated as a parameter. Using a large N implies more computational work in the precomputation phase, i.e., step 1-4 of Algorithm 2, since many Sylvester equations need to be solved. However, the quality of the preconditioner is better and we expect the iterative method to convergence in fewer iterations for large N . More precisely, less computation is required for the iterative solves 1 in Step 9. Hence, N parameterizes a trade-off between computation time in the initialization and in the iterative solves. As is illustrated in Section 6, the best choice of N in terms of total computation time is a non-trivial problem.
In order to further improve performance we use a result regarding residual inverse iteration in [33] . More precisely, [33, Theorem 9] states that the linear solves in Resinv can be terminated in a way that preserves the property that the convergence factor is proportional to the shift-eigenvalue distance. It is proposed to use the tolerance τ satisfying
and τ = O(|γ * − σ|). Although, we solve the linear system (2.15) inexactly, the error propagates linearly to (2.14), and hence the tolerance (5.1) is natural also in our setting.
Storage improvements.
The particular choice of SMW-formulation is due to an observation in computational experiments, that memory is a restricting aspect in our approach. We have therefore selected the SMW-formulation in order to reduce memory requirement at the cost of an increased computation time. Our approach requires the computation of the solution to two Sylvester equations per iteration (equation (4.5a) and (4.7)). The solution X in (4.7) could be computed by forming a linear combination of G, F 1 , . . . , F N , as in (4.9) but would require the storage of F 1 , . . . , F N which are full matrices in general. In contrast to this, the matrices E 1 , . . . , E N have a structure that can be exploited. More precisely, the matrix C − N k=1 α k E k required in (4.7) can be computed efficiently by exploiting the structure of V k and E k defined in (4.11).
Circulant structure exploitation for Sylvester equation.
In order to use the suggested preconditioner we need to solve a number of Sylvester equations, with the Sylveser operator defined by (3.2). There are many methods available in the literature, both direct methods such as the Bartels-Steward algorithm [2] as well as iterative methods. See [30] for a recent survey of available methods. These are general methods for solving the Sylvester equation. However, our Sylvester equation has a particular structure which can be exploited further. The approach is based on the implicit diagonalization of the coefficient matrices, from which a closed form expression is available [30] . Consider the equation AX + XB = C where A and B are diagonalizable. Then the solution X is given by
where A = V Λ A V −1 , and B = W Λ B W −1 . In the general case, the application of (5.2) is expected to be expensive and numerically unstable. For the waveguide matrix equation (3. 3) the matrix A is circulant, as it stems from the discretization with periodic boundary conditions. In particular it is diagonalized by the Fourier matrix [11, Theorem 4.8.2] whose action can be computed by FFT; the eigenvalues are also readily available in O(n z log(n z )) operations using FFT [11] . The other matrix B = D xx is well studied and has both known eigenvalues and eigenvectors, the action of the latter can be computed in an efficient and stable way using the relation between Sine-/Cosine-transforms and FFT [9 can be computed efficiently and accurately using FFT, and the diagonals of Λ A and Λ B are available. This exploitation of FFT leads to a computation complexity O(n x n z log(n x n z )) for the inversion of (5.3), cf. [9, Section 6.7] . 
Compute F k from (4.5b) with E k from (4.11)
3
Compute the k-th column of W as described in (4.6) end 4 LU-factorize W 5 for k = 0, 1, 2, . . . do 6 Compute new approximation of γ k+1 from (2.10)
7
8
Computer k from r k with (2.16), using the sparsity of C 1 and the structure of P (σ) −1 according to Remark 1 9 Compute q from the linear system (2.15) with a preconditioned iterative solver, where the preconditioner is applied to a vector c as:
• Set C such that vec(C) = c and compute G from (4.5a). Use G to compute g from (4.6)
by solving the linear system (4.8) with the pre-factorized matrix W • Form the right hand side of (4.7) and solve the Sylvester equation.
Vectorize the solution matrix X
10
Compute the correction ∆v k from q using (2.14)
6. Numerical simulations. In order to illustrate properties of our approach, we now show the result of simulations carried out in Matlab on a desktop computer.
2
Source code for the simulations are provided online to improve reproducability. 3 We use the waveguide illustrated in Figure 1 .1a, and also described in [15, Section 5.2] . This waveguide has many eigenvalues, oscillatory eigenfunctions, and large discontinuity in the wavenumber, which is constructed to be representative of a realistic situation. In the simulations we set the free parameterk, as introduced in the waveguide matrix equation (3.3) , tok = mean(K). Moreover, the size of the problem is denoted n and defined as n := n x n z + 2n z , and the parametrization of the preconditioner, N , is defined by N := N x N z . For implementation convenience we select n x = n z + 4 and N x = N z + 4.
We first illustrate the quality of the preconditioner (without incorporation into Resinv). The relative error as function of GMRES-iteration is visualized in Figure 6 .1. We clearly see that the required number of iterations decreases with N , which is expected since the SMW-approximation error is smaller for larger N . Moreover, we see that a small N normally generates a long transient phase. The advantage of selecting a finer grid close to the boundary as shown in Figure 4 .1 is clear from the fact that the convergence in Figure 6 .1a is faster than the convergence in Figure 6 .1b. For the remaining simulations we measure the error of the approximation with an estimate of the relative residual norm
analogous to estimates for other NEPs [20, 13] . Algorithm 2 is applied to this benchmark problem, and the error is visualized in Figure 6 .2a. We use σ = −0.5−0.4i, such that the algorithm converges to the eigenvalue γ ≈ −0.523 − 0.375i. As expected from the GMRES-termination criteria (5.1), we maintain linear convergence and a convergence factor which is in the order of magnitude of the shift-eigenvalue distance. The corresponding computed eigenfunction is visualized in Figure 6 .2b. Illustration of convergence of Resinv and the corresponding eigenfunction to eigenvalue γ ≈ −0.523−0.375i. In this simulation we use the shift σ = −0.5−0.4i, the discretization nz = 2835, and the preconditioner parameter Nz = 21. Figure 6 .3 shows the number of required GMRES-iterations for one iteration of Resinv. As expected from the approximation properties of the preconditioner, a larger value N implies fewer iterations. We observe an increase in the number of required GMRES-iterations with increasing problem size. The increase is however rather slow.
The choice of N for parameterizing the trade-off between precomputation time and times in the solves, pointed out in Section 5.1, is illustrated in terms computationtime in Figure 6 .4a. For this particular problem (and computing environment) the best choice is N z = 35. Note however, that several other choices such as N z = 45 and N z = 63 are almost as good. In profiling illustration in Figure 6 .4b, we see, as expected, that increasing N , shifts computational effort into to the precalculation phase, and that the computational effort required for the precalculation and the other parts of the algorithm are of the same order of magnitude. 2) , that is nxnz + 2nz, where the GMRES-tolerance is select such that linear system is solved to full precision. This is plotted for different N values N = NxNz, and Nx = Nz + 4.
We have focused on one particular method for NEPs: Resinv. One of the crucial features is that a linear system corresponding to M (σ) needs to be solved many times (for a constant shift). The Resinv method is not the only method that uses the solution to many linear systems with a fixed shift. This is also the case for the nonlinear Arnoldi method [36] and the tensor infinite Arnoldi method [15] . However, inexact solves in Arnoldi-type methods are sometimes problematic [31] , and further research would be required in order to reliably and efficiently use our preconditioner for these methods.
Although our approximation is justified with a Galerkin approach, we have not provided any theoretical convergence analysis. The application of standard prooftechniques for such an analysis, e.g., involving eigenvalues and spectral condition numbers have not lead to a clear characterization of the error. Therefore, we believe that a convergence analysis would require use of the regularity of the eigenfunction, similiar to what is used in multi-grid methods [10] , which is certainly beyond the scope of this paper.
Finally, we wish to point out that several results in this paper may be of interest also for other problems and other NEPs. Most importantly, many NEPs arise naturally from artificial boundary conditions. Most artificial boundary conditions has freedom regarding selection of boundary. We can therefore select a rectangular domain, i.e., similar to the framework considered in this paper.
